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MODULAR CLASSES OF POISSON-NIJENHUIS LIE
ALGEBROIDS
RAQUEL CASEIRO
Abstract. The modular vector field of a Poisson-Nijenhuis Lie algebroid A is
defined and we prove that, in case of non-degeneracy, this vector field defines
a hierarchy of bi-Hamiltonian A-vector fields. This hierarchy covers an inte-
grable hierarchy on the base manifold, which may not have a Poisson-Nijenhuis
structure.
1. Introduction
The relative modular class of a Lie algebroid morphism was first discussed by
Grabowski, Marmo and Michor in [10]. Kosmann-Schwarzbach and Weinstein in
[16] showed that this relative class could be seen as a generalization of the notion
of modular class introduced by Weinstein in [18]. In [7], Damianou and Fernandes
introduced the modular vector field of a Poisson-Nijehuis manifold and showed
that it is intimately related with integrable hierarchies (see, also, the alternative
approach offered by Kosmann-Schwarzbach and Magri in [14]). In this paper, we
generalize this construction and consider the modular vector field of a Poisson-
Nijenhuis Lie algebroid.
Recall (see, e.g, [15]) that a Nijenhuis operator N : A → A on a Lie alge-
broid (A, [ , ] , ρ) allows us to define a deformed Lie algebroid structure AN =
(A, [ , ]N , ρ ◦ N) such that N : AN → A is a Lie algebroid morphism. Our first
result states that the modular class of this morphism has a canonical representative:
Proposition 1. The relative modular class N : AN → A is represented by dATrN .
Let us assume now that A is equipped with a Poisson structure pi compatible with
N . Then we can define two Lie algebroid structures on A∗, namely (A∗, [ , ]π , ρ◦pi
♯)
obtained by dualization from pi, and A∗N∗ = (A
∗, [ , ]Nπ, ρ ◦ Npi
♯) obtained from
the first one by deformation along N∗. Again, N∗ : A∗N∗ → A
∗ is a Lie algebroid
morphism and, by the proposition above, its relative modular class has the canonical
representative X(N,π) := dπ(TrN), which we will call the modular vector field of
the Poisson-Nijenhuis Lie algebroid (A, pi,N). When A = TM we recover the
construction of Damianou and Fernandes [7] up to a factor of 1/2 (for the same
reason that the modular class associated with a Poisson manifold differs from the
modular class of its cotangent Lie algebroid by a factor of 1/2).
The modular vector field X(N,π) of the Poisson-Nijenhuis Lie algebroid (A, pi,N)
is always a dNπ-cocycle. If N is non-degenerated it is also a dNπ-coboundary. In
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this case we have the following generalization of a result of Damianou and Fernandes
for a Poisson-Nijenhuis manifold:
Theorem 2. Let (A, pi,N) be a Poisson-Nijenhuis Lie algebroid with N a non-
degenerated Nijenhuis operator. Then there exists a hierarchy of A-vector fields
X i+j(N,π) = N
i+j−1X(N,π) = dNiπhj = dNjπhi, (i, j ∈ Z)
where
h0 = ln(detN) and hi =
1
i
TrN i, (i 6= 0).
The hierarchy of flows on A, given by this theorem, covers a hierarchy of (ordi-
nary) multi-Hamiltonian flows on the base manifold M . Although the hierarchy on
A is generated by a Nijenhuis operator, it may happen that the base hierarchy is
not generated by one. We will see that this is precisely the case for the An-Toda
lattice. This gives a new explanation for the existence of a hierarchy of Poisson
structures and flows associated with a bi-Hamiltonian system which may not have
a Nijenhuis operator.
This paper is organized as follows. In Section 2, we present the necessary back-
ground on Poisson-Nijenhuis Lie algebroids. In Section 3, we introduce the modu-
lar vector field of a Poisson-Nijenhuis Lie algebroid, state its basic properties, and
prove Theorem 2. Section 4 is concerned with integrable hierarchies and discusses
the example of the An-Toda lattice.
2. Poisson-Nijenhuis Lie Algebroids
In this section we will recall some basic facts about Nijenhuis operators and
Poisson structures on Lie algebroids which we will need later. A general reference
for Lie algebroids is the book by Cannas da Silva and Weinstein [3]. Nijenhuis
operators are discussed in detail in the article by Kosmann-Schwarzbach and Magri
[15], while PN-structures on Lie algebroids are discussed by Kosmann-Schwarzbach
in [13] and by Grabowski and Urbanski in [11].
2.1. Cartan calculus on Lie algebroids. Let us recall that a Lie algebroid is a
kind of generalized tangent bundle, which carries a generalized Cartan calculus.
First, for any Lie algebroid (A, [ , ] , ρ) we have a complex of A-differential forms
Ωk(A) := Γ(∧kA∗) with the differential given by:
dAω(X0, . . . , Xk) :=
n∑
i=0
(−1)iρ(Xi) · ω(X0, . . . , Xˆi, . . . , Xk)
+
∑
0≤i≤j≤k
(−1)i+jω
(
[Xi, Xj ]A, X0, . . . , Xˆi, . . . , Xk
)
,
where X0, . . . , Xk ∈ Γ(A). The corresponding Lie algebroid cohomology is denoted
by H•(A).
Dually, the space of A-multivector fields X•(A) =
⊕
k∈Z X
k(A) :=
⊕
k∈Z Γ(∧
kA)
carries a super-Lie bracket [ , ]A, extending the Lie bracket on Γ(A), and satisfying
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the following super-commutation, super-derivation and super-Jacobi identities:
[P,Q] = −(−1)(p−1)(q−1)[P,Q]
[P,Q ∧R] = [P,Q] ∧R+ (−1)(p−1)qQ ∧ [P,R]
(−1)(p−1)(r−1)[P, [Q,R]] + (−1)(q−1)(p−1)[Q, [R,P ]] + (−1)(r−1)(q−1)[R, [P,Q]] = 0
where P ∈ Xp(A), Q ∈ Xq(A) and R ∈ Xr(A). The triple (X•(A), [ , ]A,∧) is a
Gerstenhaber algebra.
If X ∈ Γ(A) and ω ∈ Ωk(A) the Lie derivative of ω along X is the A-differential
form LXω ∈ Ω
k(A) defined by
LXω := dAiXω + iXdAω,
where iX : Ω
k(A)→ Ωk−1(A) is defined by
iXη(X1, . . .Xk−1) := η(X,X1, . . . , Xk), X1, . . . , Xk−1 ∈ Γ(A),
for k > 1. If k = 1, then iXη := η(X) and, for k ≤ 0 we say that iXη = 0.
A morphism φ : A→ B (over the identity) of Lie algebroids over M induces by
transposition a chain map of the complexes of differential forms:
φ∗ : (Ωk(B), dB)→ (Ω
k(A), dA).
Hence, we also have a well defined map at the level of cohomology, which we will
denote by the same letter φ∗ : H•(B)→ H•(A).
2.2. Nijenhuis operators. Let (A, [ , ] , ρ) be a Lie algebroid over a manifold M .
Recall that a Nijenhuis operator is a bundle map N : A → A (over the identity)
such that the induced map on the sections (denoted by the same symbol N) has
vanishing torsion:
(1) TN(X,Y ) := N [X,Y ]N − [NX,NY ] = 0, X, Y ∈ Γ(A),
where [ , ]N is defined by
[X,Y ]N := [NX,Y ] + [X,NY ]−N [X,Y ], X, Y ∈ Γ(A).
Let us set ρN := ρ ◦ N . For a Nijenhuis operator N , one checks easily that the
triple AN = (A, [ , ]N , ρN) is a new Lie algebroid, and then N : AN → A is a Lie
algebroid morphism.
Since N is a Lie algebroid morphism, its transpose gives a chain map of the
complexes of differential forms N∗ : (Ωk(A), dA)→ (Ω
k(AN ), dAN ). Hence we also
have a map at the level of algebroid cohomology N∗ : H•(A)→ H•(AN ).
2.3. Poisson structures on Lie algebroids. Let pi ∈ X2(A) be a bivector on the
Lie algebroid (A, [ , ] , ρ) and denote by pi♯ the usual bundle map
pi♯ : A∗ −→ A
α 7−→ pi♯(α) = iαpi.
We say that pi defines a Poisson structure on A if [pi, pi]A = 0. In this case, the
bracket on the sections of A∗ defined by
[α, β]π = Lπ♯αβ − Lπ♯βα− dA (pi(α, β)) , α, β ∈ Γ(A
∗),
is a Lie bracket and (A∗, [ , ]A∗ , ρ◦pi
♯) is a Lie algebroid. The differential of this Lie
algebroid is given by dπX = [pi,X ]A, X ∈ Ω(A
∗), and the pair (A,A∗) is a special
kind of Lie bialgebroid, called a triangular Lie bialgebroid.
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2.4. Poisson-Nijenhuis Lie algebroids. The basic notion to be used in this
paper is the following:
Definition 3. A Poisson-Nijenhuis Lie algebroid (in short, a PN-algebroid)
is a Lie algebroid (A, [ , ]A , ρ) equipped with a Poisson structure pi and a Nijenhuis
operator N which are compatible.
The compatibility condition between N and pi means that:
[ , ]Nπ = [ , ]N∗ ,
where [ , ]Nπ is the Lie bracket defined by the bivector field Npi ∈ X
2(A), and
[ , ]N∗ is the Lie bracket obtained from the Lie bracket [ , ]π by deformation along
the Nijenhuis tensor N∗.
As a consequence, Npi defines a new Poisson structure on A, compatible with pi:
[pi,Npi]A = [Npi,Npi]A = 0,
and one has a commutative diagram of morphisms of Lie algebroids:
(A∗, [·, ·]Nπ)
N∗
//
π♯

Nπ♯
%%J
J
J
J
J
J
J
J
J
J
J
J
J
J
J
J
J
J
J
J
J
(A∗, [·, ·]π)
π♯

(A, [·, ·]N )
N
// (A, [·, ·]A)
In fact, we have a whole hierarchy Nkpi (k ∈ N) of pairwise compatible Poisson
structures on A.
3. Modular class of a Poisson-Nijenhuis Lie algebroid
In this section we will state and prove our main results.
3.1. Modular class of a Lie algebroid. Let (A, [ , ] , ρ) be a Lie algebroid over
the manifold M . For simplicity we will assume that both M and A are orientable,
so that there exist non-vanishing sections η ∈ Xtop(A) and µ ∈ Ωtop(M).
The modular form of the Lie algebroid A with respect to η ⊗ µ is the A-form
ξA ∈ Ω
1(A), defined by
(2) 〈ξA, X〉η ⊗ µ = LXη ⊗ µ+ η ⊗ Lρ(X)µ, X ∈ Γ(A).
This is a 1-cocycle of the Lie algebroid cohomology of A. If one makes a different
choice of sections η′ and µ′, then η′ ⊗ µ′ = fη ⊗ µ, for some non-vanishing smooth
function f ∈ C∞(M). One checks easily that the modular form ξ′A associated with
this new choice is given by:
(3) ξ′A = ξA − dA log |f |,
so that the cohomology class [ξA] ∈ H
1(A) is independent of the choice of η and µ.
This cohomology class is called the modular class of A and we will denoted it by
modA := [ξA].
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Proposition 4. Let N be a Nijenhuis operator on a Lie algebroid A and fix non-
vanishing sections η and µ as above. The modular form ξAN of the Lie algebroid
AN and the modular form ξA of A are related by:
(4) ξAN = dA(TrN) +N
∗ξA.
Proof. Around any point, we can always choose a local base {e1, . . . , er} of sections
of A and local coordinates (x1, . . . , xn) of M such that η = e1 ∧ . . . ∧ er and
µ = dx1 ∧ . . .∧ dxn. In these coordinates, we have the following expressions for the
anchor ρ and the Nijenhuis operator N :
ρ(ei) =
n∑
u=1
pui
∂
∂xu
and N(ei) =
r∑
j=1
N ji ej , (i = 1, . . . , r).
Now, for i = 1, . . . , r, we compute:
Leiη = Lei(e1 ∧ . . . ∧ er) =
r∑
k,j=1
[
Nki C
j
kj −
n∑
u=1
(
ρuj
∂N ji
∂xu
+ ρui
∂N jj
∂xu
)]
η
and
LρN (ei)µ = Lρ◦N(ei)(dx1 ∧ . . . ∧ dxn) =
r∑
k=1
n∑
u=1
(
∂Nki
∂xu
ρuk +
∂ρuk
∂xu
Nki
)
µ.
So
ξNA (ei) =
∑
j
(∑
k
N ji C
k
jk +
∑
u
(
∂ρuj
∂xu
N ji +
∂N ji
∂xu
ρui
))
=
∑
j
(∑
k
N ji C
k
jk +
∑
u
∂ρuj
∂xu
N ji
)
+ dATrN(ei)
= (N∗ξA + dATrN) (ei).
By linearity this holds for any section of A, so the result follows. 
The theorem shows that the AN -form ξAN −N
∗ξA = dATrN is independent of
the choice of section of η ⊗ µ ∈ Xtop(A) ⊗ Ωtop(M).
Remark 5. This can also be checked directly using relation (3): If ξA and ξAN
are the modular forms associated to the choice η ⊗ µ, ξ′A and ξ
′
AN
are the modular
forms associated with another choice fη ⊗ µ, then:
ξ′A = ξA − dA ln |f |,
ξ′AN = ξAN − dAN ln |f |.
For any function g ∈ C∞(M), we have dAN g = N
∗dAg, so it follows from these
relations that:
ξ′AN −N
∗ξ′A = ξAN −N
∗ξA.
Recall (see [10, 16]) that for any Lie algebroid morphism over the identity
φ : (A, [ , ] , ρA) → (B, [ , ]B , ρB) one defines its relative modular class to be the
cohomology class modφ(A,B) ∈ H1(A) given by:
(5) modφ(A,B) := modA− φ∗modB.
Therefore we have the following immediate corollary of Proposition 4:
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Corollary 6. The relative modular class of the algebroid morphism N : AN → A
is a AN -cohomology class with canonical representative the AN -form dATrN .
Note that the class [dATrN ] ∈ H
1(AN ) maybe non-trivial: in general, the dif-
ferentials dA and dAN will be distinct.
3.2. Modular class of a Poisson-Nijenhuis Lie algebroid. Now we consider a
Poisson-Nijenhuis Lie algebroid (A, pi,N). Then N∗ is a Nijenhuis operator of the
dual Lie algebroid (A∗, [ , ]π , ρ ◦ pi
♯) and, by Corollary 6, its relative modular class
has the canonical representative dπ(TrN
∗), so that:
modN
∗
(A∗N∗ , A
∗) = [dπ(TrN
∗)] = [dπ(TrN)].
Definition 7. The modular vector field of the Poisson-Nijenhuis Lie algebroid
(A, pi,N) is defined by
X(N,π) = ξA∗
N∗
−NξA∗ = dπ(TrN) ∈ X(A).
Notice that the modular vector field of a PN-algebroid is a dNπ-cocycle and
we have a generalization to PN-algebroids of the results obtained in [7, 14] for a
Poisson manifold.
Proposition 8. Let (A, pi,N) be a PN-algebroid. Then
NkX(N,π) =
1
k − i+ 1
X(Nk−i+1, Niπ), i < k ∈ N.
Proof. The operator N is Nijenhuis so it satisfies the identity
(6) kN∗ kdATrN = dATrN
k, k ∈ N.
Now simply observe that
NkX(N,π) = N
kdπ(TrN) = N
k [pi,TrN ]
= −N i pi♯(N∗ k−i dATrN) = −
1
k − i+ 1
(N ipi)♯
(
dATrN
k−i+1
)
=
1
k − i+ 1
dNiπ
(
TrNk−i+1
)
=
1
k − i+ 1
X(Nk−i+1, Niπ).

As an immediately consequence we have:
Corollary 9. The modular vector field determines a hierarchy of vector fields
(7) Xk(N,π) = N
k−1X(N,π) = dNk−iπhi = dNi−1πhk−i+1, (i ≤ k ∈ N, k > 1),
where hi =
1
i
TrN i, i ∈ N.
Remark 10. The basic formula (6) is well-known to people working in integrable
systems (see for instance [17]). Also, special versions of Proposition 8 and its
corollary can be found in [7, 14], which were sources of inspiration for this work.
If N is non-degenerated then the modular vector field also defines a negative
hierarchy.
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Theorem 11. Let (A, pi,N) be a Poisson-Nijenhuis Lie algebroid with N a non-
degenerated Nijenhuis operator. Then the modular vector field X(N,π) is a dNπ-
coboundary and determines a hierarchy of vector fields
(8) X i+j(N,π) = N
i+j−1X(N,π) = dNiπhj = dNjπhi, (i, j ∈ Z)
where
(9) h0 = ln(detN) and hi =
1
i
TrN i, (i 6= 0).
Proof. For any integer k, Nk is a non-degenerated Nijenhuis operator and satisfies
the identity
(10) kN∗ kdA(ln detN) = dA(TrN
k).
It follows that
X(N,π) = −pi
♯ (dATrN) = −pi
♯N∗dA (ln detN) = dNπ(ln detN).
We also have
N−1X(N,π) = X(N,N−1π) = −N
−1pi♯(dATrN) = −pi
♯(dA ln detN)
= −pi♯
(
N∗dATrN
−1
)
= dNπTrN
−1 = X(N−1,Nπ).
The expressions for the hierarchy now follow from identity (10) and Proposition 8
applied to N and to N−1. 
Remark 12. In case of degeneracy of N one can always consider a non-degenerated
operator of the form N +λI, λ constant. Although this Nijenhuis operator does not
define exactly the same hierarchy as N , the traces of its powers generate the same
algebra as the functions hi. I thank an anonymous referee for this remark.
4. Integrable hierarchies and PN-Algebroids
Let (A, [ , ] , ρ) be a Lie algebroid over a manifold M and consider the fiberwise
linear Poisson structure { , }A on the dual bundle A
∗. A vector field X ∈ X(A)
defines, by evaluation, the function fX : A
∗ → R, which is linear on the fibers:
fX(α(x)) = 〈α(x), X(x)〉, α ∈ Γ(A
∗).
We denote by XfX its the Hamiltonian vector field. It is easy to check (see [6, 11,
12]) that:
(a) The assignment X 7→ fX defines a Lie algebra homomorphism
(X(A), [ , ])→ (C∞(A∗), { , }A);
(b) Denoting by q : A∗ →M the projection, XfX is q-related to ρ(X):
q∗XfX = ρ(X).
So the vector field XfX is the lift of the vector field ρ(X) to A
∗ (associated with
the derivation on A∗, D∗Xα = LXα).
One can also define XA, the lift of ρ(X) to A (associated with the derivation on
A, DX = [X,−]) by
XA(fα) = fLXα, α ∈ Γ(A
∗)
XA(g ◦ p) = X(g) ◦ p, g ∈ C∞(M),
where fα : A → R is linear function defined by evaluation by α ∈ Γ(A
∗) and
p : A→M is the projection of the vector bundle.
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4.1. Integrable Hierarchies on Lie algebroids. Let pi ∈ X2(A) be a Poisson
structure on a Lie algebroid A over a manifold M . This bivector field determines a
bundle map pi♯ : A∗ → A, and for the Lie algebroid structure on A∗, we have that
pi♯ is a Lie algebroid morphism.
Definition 13. Let f ∈ C∞(M). Its Hamiltonian vector field Xf ∈ X(A) is
the vector field:
Xf := pi
♯dAf.
The Poisson structure pi on A covers a (ordinary) Poisson structure piM on the
base manifold M which is defined by pi♯M = ρ ◦ pi
♯ ◦ ρ∗, i.e.
{f, g}πM = 〈dAf, dπg〉 = pi(dAf, dAg), f, g ∈ C
∞(M).
Moreover, for any f ∈ C∞(M) the Hamiltonian vector field Xf on A covers the
(ordinary) Hamiltonian vector field on M associated with f :
ρ(Xf ) = ρ ◦ pi
♯(dAf) = ρ ◦ pi
♯ ◦ ρ∗(df) = pi♯M (df).
Considering { , }A∗ , the linear Poisson bracket on A defined by the Lie algebroid
(A∗, [ , ]π , ρ ◦ pi
♯), notice that the Hamiltonian vector fieldXfdAf is the lift of ρ(Xf )
to A, associated with the derivation DXf = [Xf , ] and XfX is the lift of the vector
field ρ(X) to A∗, associated with the derivation DdAf = D
∗
Xf
.
Definition 14. Given pi a Poisson structure on A, we say that two functions
g, f ∈ C∞(A) pi-commute if {f, g}A∗ = 0. A first integral of a vector field X is a
first integral of XA, the lift of ρ(X) to A, and we say that X is integrable if XA
Liouville integrable.
Two first integrals of the vector field ρ(X) may not piM -commute but their pull-
backs always pi-commute, because basic functions always commute with respect to
the linear Poisson bracket defined on the dual of a Lie algebroid. In particular, we
have:
Proposition 15. Let f ∈ C∞(M). The first integrals of the Hamiltonian vector
field
Xf = pi
♯dAf,
are the functions which pi-commute with fdAf . In particular, evaluations of sections
of A∗ which commute with dAf and pull-backs of functions which piM -commute with
f are first integrals of Xf .
Let N be a Nijenhuis operator on A compatible with pi. The sequence of Poisson
structures pik = N
kpi covers a sequence of Poisson structure on M :
pikM
♯
= ρ ◦Nkpi ◦ ρ∗,
but, as an example below shows, these Poisson tensors may not be related by a
Nijenhuis operator on M . We also have a sequence of linear Poisson brackets on A:
{ , }
k
A∗
and, given a section α on A∗, a sequence of Hamiltonian vector fields
Xkfα = {fα,−}
k
A∗ .
A bi-Hamiltonian vector field
X = pi♯0(dAh1) = pi
♯
1(dAh0)
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defines a hierarchy of multi-Hamiltonian vector fields on A:
Xk+i = pi
♯
k(dAhi) = pi
♯
i (dAhk).
This hierarchy, on one hand, covers a hierarchy of Hamiltonian vector fields on M
ρ(Xi+k) = pi
k
M
♯
dhi = pi
i
M
♯
dhk
and, on the other hand, is associated with the hierarchy of lifts
ρ(Xi+k)
A = X0fdAhi+k
= X ifdAhk
= XkfdAhi
.
4.2. Covering Integrable Hierarchies. We can try to apply our main result
(Theorem 11) to obtain an integrable hierarchy on a Lie algebroid. However, one
observes that in Theorem 11 the Hamiltonian functions, which are first integrals
of the vector fields in the hierarchy, are all basic functions, i.e., are pull-backs of
functions on the base. Hence, in general, they will not provide a complete set of
first integrals. However, there is yet another connection with (classical) integrable
systems, due to the following theorem:
Theorem 16. Let (A, pi,N) be a Poisson-Nijenhuis Lie algebroid with N a non-
degenerated Nijenhuis operator. Then the the modular vector field X(N,π) covers
a bi-Hamiltonian vector field on M , and the associated hierarchy (8) of A-vector
fields covers a (classical) hierarchy of vector fields on M . This hierarchy is given
by:
(11) Xi+j = −pi
♯
idhj = −pi
♯
jdhi (i, j ∈ Z)
where pij are Poisson structures on M and hi are the functions given by (9).
Although we have a hierarchy of modular vector fields X(Nk,π) generated by
the Nijenhuis operator N , generally the covered hierarchy of bi-Hamiltonian vector
fields on M is not generated by any Nijenhuis operator. This is illustrated by the
next example.
4.3. The classical Toda lattice. The classical Toda lattice was already consid-
ered in [1], using specific properties of this system. We use our general approach to
show how one can recover those results and explain some of those formulas.
4.3.1. Toda lattice in physical coordinates. The Hamiltonian defining the Toda lat-
tice is given in canonical coordinates (pi, qi) of R
2n by
(12) h2(q1, . . . , qn, p1, . . . , pn) =
n∑
i=1
1
2
p2i +
n−1∑
i=1
eqi−qi+1 .
For the integrability of the system we refer to the classical paper of Flaschka [9].
Let us recall the bi-Hamiltonian structure given in [5]. The first Poisson tensor
in the hierarchy is the standard canonical symplectic tensor, which we denote by
pi0, so that
{qi, pj}0 = δij ,
while the second Poisson tensor pi1 is determined by the relations
{qi, qj}1 = −1, (i < j)
{qi, pj}1 = piδij ,
{pj, pi}1 = e
qi−qi+1δj,i+1.
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Then setting h1 = p1 + p2 + · · ·+ pn, we obtain the bi-Hamiltonian formulation:
pi♯0dh2 = pi
♯
1dh1.
If we set, as usual,
N := pi♯1 ◦ (pi
♯
0)
−1,
then a small computation gives the following multi-Hamiltonian formulation:
Proposition 17. The Toda hierarchy admits the multi-Hamiltonian formulation:
pi♯jdh2 = pi
♯
j+2dh0,
where h0 =
1
2 log(detN) and h2 is the original Hamiltonian (12).
4.3.2. Toda lattice in Flaschka coordinates. Let us recall the Flaschka coordinates
(a1, . . . , an−1, b1, . . . , bn) where:
bi = pi, (i = 1, . . . , n)
ai = e
qi−qi+1 , (i = 1, . . . , n− 1)
In these new coordinates there is no recursion operator anymore (this is a singular
change of coordinates, where we loose one degree of freedom). Nevertheless, the
multi-Hamiltonian structure does reduce ([5]). One can then compute the modular
vector fields of the reduced Poisson tensors pij relative to the standard volume form:
µ = da1 ∧ · · · ∧ dan−1 ∧ db1 ∧ · · · ∧ dbn.
It turns out that the modular vector fields Xjµ are Hamiltonian vector fields with
Hamiltonian function
h = log(a1 · · · an−1) + j log(det(L)),
where L is the Lax matrix. This is observed in [1], where one also finds the multi-
Hamiltonian formulation:
pi♯jdh2−j = pi
♯
j−1dh3−j , k ∈ Z
with hj =
1
j
TrLj for j 6= 0 and h0 = ln(det(L)).
We would like to give now an intrinsic explanation for these formulas, similar to
the one given above for the Toda chain in physical coordinates.
4.3.3. Toda lattice in extended Flaschka coordinates. Let us extend the Flaschka
coordinates by considering a variable an defined by:
an := qn.
Then the transformation (qi, pi) 7→ (ai, bi) is a honest change of coordinates. In
these extended Flaschka coordinates, the first Poisson tensor pi0 is determined by:
{ai, bi}0 = ai, (i = 1, . . . , n− 1)
{ai, bi+1}0 = −ai, (i = 1, . . . , n− 1)
{an, bn}0 = 1.
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while the second Poisson pi1 structure is given by:
{ai, ai+1}1 = −aiai+1, (i = 1, . . . , n− 1)
{ai, bi}1 = aibi, (i = 1, . . . , n− 1)
{an, bn}1 = bn
{ai, bi+1}1 = −aibi+1, (i = 1, . . . , n− 1)
{bi, bi+1}1 = −ai, (i = 1, . . . , n− 1).
In these coordinates, we still have the Nijenhuis tensor, relating the various Poisson
tensors in the hierarchy.
The submanifold R2n−1 ⊂ R2n defined by an = 0 is a Poisson submanifold for
all Poisson tensors in the hierarchy, so that the bi-Hamiltonian structure reduces
to this submanifold, and yields the bi-Hamiltonian formulation for the Toda lattice
in Flaschka coordinates. However, the tangent space to this submanifold is not left
invariant by the Nijenhuis operator N , and on R2n−1 we do not have an induced
PN-structure.
Another way of expressing these facts is to observe that the involutive diffeo-
morphism φ : R2n → R2n defined by:
φ(a1, . . . , an, b1, . . . , bn) = (a1, . . . ,−an, b1, . . . , bn),
is a Poisson diffeomorphism for all Poisson structures. Hence, the group Z2 = {I, φ}
acts by Poisson diffeomorphisms on R2n, for all Poisson structures. It follows
that its fix point set, which is just R2n−1, has induced Poisson brackets (see the
Poisson Involution Theorem in [8, 19]), and these form the hierarchy in Flaschka
coordinates.
4.3.4. Toda lattice on a Lie algebroid. We now consider the following bi-Hamilto-
nian formulation on a Lie algebroid.
We let A = R2n−1 × R2n → R2n−1 be the trivial vector bundle with fiber
R
2n. We denote by {e1, . . . , en, f1, . . . , fn} a basis of global sections and we let
(a1, . . . , an−1, b1, . . . , bn) be global coordinates on the base. Now we define a Lie
algebroid structure by declaring that the bracket satisfies:
[ei, ej ]A = [fi, fj ]A = [ei, fj]A = 0,
and that the anchor is given by:
ρA(ei) =
∂
∂ai
(i = 1, . . . , n− 1) ρA(en) = 0
ρA(fi) =
∂
∂bi
(i = 1, . . . , n).
Notice that (A, [ , ]A, ρA) is just the trivial extension of Lie algebroids:
0 // LR // A // TR2n−1 // 0
where LR denotes the trivial line bundle over R
2n−1.
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Now on A we can define the following Poisson tensors:
pi0 =
n−1∑
i=1
aiei ∧ (fi − fi+1) + en ∧ fn
pi1 = −
n−2∑
i=1
aiai+1ei ∧ ei+1 − an−1en−1 ∧ en +
n−1∑
i=1
aiei ∧ (bifi − bi+1fi+1)
+ bnen ∧ fn −
n−1∑
i=1
aifi ∧ fi+1.
These Poisson structures on A cover ordinary Poisson structures on the base
R
2n−1, which are just the Poisson structures pi0 and pi1 of the Toda lattice, in
Flaschka coordinates.
Since pi0 is symplectic, the Poisson tensors on A are associated with a PN-
algebroid structure. By our main theorem, they give rise to an integrable hierarchy
on A
pi♯jdh2−j = pi
♯
j−1dh3−j , k ∈ Z
with hj =
1
j
TrN j for j 6= 0 and h0 = ln(det(N)), covering an integrable hierarchy
on the base
pi♯jdh2−j = pi
♯
j−1dh3−j . k ∈ Z
In this hierarchy the Hamiltonians differ by a factor of 2 relative to the Hamiltonians
in the multi-Hamiltonian formulation of the Toda lattice given by Proposition 17.
Although the hierarchy in the Lie algebroid is generated by a Nijenhuis operator,
it is well known that this is not the case with the Toda lattice in the base manifold.
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